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� Enthalpy 
� The Helmholtz functions
� Gibbs functions
� Maxwell's Equations
� The Tds equations 
� Energy equations 
� Heat-capacity equations 
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Heat-capacity Equations

Equating the first and second 𝑇 𝑑𝑆 equations,

solving for 𝑑𝑇
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𝑻𝒅𝑺 = 𝑪𝒗 𝒅𝑻 + 𝑻
𝝏𝑷
𝝏𝑻 𝑽

𝒅𝑽 The f𝐢𝐫𝐬𝐭 𝑻𝒅𝒔 equation

𝑻𝒅𝑺 = 𝑪𝑷 𝒅𝑻 − 𝑻
𝝏𝑽
𝝏𝑻 𝑷

𝒅𝑷 The second 𝑻𝒅𝒔 equation

𝑪𝑷 𝒅𝑻 − 𝑻
𝝏𝑽
𝝏𝑻 𝑷

𝒅𝑷 = 𝑪𝒗 𝒅𝑻 + 𝑻
𝝏𝑷
𝝏𝑻 𝑽

𝒅𝑽

𝒅𝑻 =
𝑻 𝝏𝑷

𝝏𝑻 𝑽
𝑪𝑷 − 𝑪𝒗

𝒅𝑽 +
𝑻 𝝏𝑽

𝝏𝑻 𝑷
𝑪𝑷 − 𝑪𝒗

𝒅𝑷

But

Therefore,
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𝒅𝑻 =
𝑻 𝝏𝑷

𝝏𝑻 𝑽
𝑪𝑷 − 𝑪𝒗

𝒅𝑽 +
𝑻 𝝏𝑽

𝝏𝑻 𝑷
𝑪𝑷 − 𝑪𝒗

𝒅𝑷

𝒅𝑻 =
𝝏𝑻
𝝏𝑽 𝑷

𝒅𝑽 +
𝝏𝑻
𝝏𝑷 𝑽

𝒅𝑷

𝝏𝑻
𝝏𝑽 𝑷

=
𝑻 𝝏𝑷

𝝏𝑻 𝑽
𝑪𝑷 − 𝑪𝒗

𝝏𝑻
𝝏𝑷 𝑽

=
𝑻 𝝏𝑽

𝝏𝑻 𝑷
𝑪𝑷 − 𝑪𝒗
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Both the above equations yield the result that

It was shown 

This is one of the most important equations of thermodynamics, and it shows that:
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𝑪𝑷 − 𝑪𝒗 = 𝑻
𝝏𝑽
𝝏𝑻 𝑷

𝝏𝑷
𝝏𝑻 𝑽

𝝏𝑷
𝝏𝑻 𝑽

= −
𝝏𝑽
𝝏𝑻 𝑷

𝝏𝑷
𝝏𝑽 𝑻

𝑪𝑷 − 𝑪𝒗 = −𝑻
𝝏𝑽
𝝏𝑻 𝑷

𝟐 𝝏𝑷
𝝏𝑽 𝑻

Heat-capacity Equations

Remarks

�Since 𝝏𝑷
𝝏𝑽 𝑻

is always negative for all known substances and 𝝏𝑽
𝝏𝑻 𝑷

𝟐
must be positive, 

then 𝑪𝑷 − 𝑪𝒗 can never be negative, or 𝑪𝑷 can never be less than 𝑪𝒗

�As 𝑇 → 0, 𝑪𝑷 → 𝑪𝒗; or at absolute zero, the two heat capacities are equal.

�𝑪𝑷 = 𝑪𝒗 when 𝝏𝑽
𝝏𝑻 𝑷

= 𝟎. For example at 4oC, the temperature at which the density of 

water is maximum, 𝑪𝑷 = 𝑪𝒗.
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𝑪𝑷 − 𝑪𝒗 = −𝑻
𝝏𝑽
𝝏𝑻 𝑷

𝟐 𝝏𝑷
𝝏𝑽 𝑻

Heat-capacity Equations
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¾Laboratory measurements of the heat capacity of solids and liquids usually take place
at constant pressure and therefore yield values of Cp.

¾ It would be extremely difficult to measure with any degree of accuracy the CV of a solid
or liquid.

¾Values of CV, however, must be known for purposes of comparison with theory. The
equation for the difference in the heat capacities is very useful in calculating CV in
terms of CP and other measurable quantities. Remembering that
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𝛽 =
1
𝑉

𝜕𝑉
𝜕𝑇 𝑃

𝜅 = −
1
𝑉

𝜕𝑉
𝜕𝑃 𝑇

Volume expansivity Isothermal compressibility

Remarks

Heat-capacity Equations (Practical form)
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𝑪𝑷 − 𝑪𝒗 = −𝑻
𝝏𝑽
𝝏𝑻 𝑷

𝟐 𝝏𝑷
𝝏𝑽 𝑻

Heat-capacity Equations

𝑪𝑷 − 𝑪𝒗 =
𝑻𝑽 𝟏

𝑽
𝝏𝑽
𝝏𝑻 𝑷

𝟐

−𝟏
𝑽

𝝏𝑽
𝝏𝑷 𝑻

𝑪𝑷 − 𝑪𝒗 =
𝑻𝑽𝜷𝟐

𝜿

𝛽 =
1
𝑉

𝜕𝑉
𝜕𝑇 𝑃

𝜅 = −
1
𝑉

𝜕𝑉
𝜕𝑃 𝑇
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Example
Calculate CV of mercury at 20oC and atmospheric pressure, where CP=139J/kg.K, T=293K,
𝑉 = 7.38 × 10−5𝑚3/𝑘𝑔. 𝛽 = 1.81 × 10−4𝐾−1, 𝜅 = 4.01 × 10−11𝑃𝑎−1
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𝑪𝑷 − 𝑪𝒗 =
𝑻𝑽𝜷𝟐

𝜿

𝛾 =
𝑪𝑷
𝑪𝒗

=
139
121.3 = 1.15

The ratio 𝑪𝑷𝑪𝒗
= 𝛾, 

𝑪𝒗 = 𝟏𝟐𝟏. 𝟑𝑱/𝒌𝒈.𝑲

= 17.7.3𝐽/𝑘𝑔. 𝐾

𝟏𝟑𝟗 − 𝑪𝒗 =
(293)(7.38 × 10−5)(1.81 × 10−4)𝟐

4.01 × 10−11

Heat-capacity in adiabatic compressibility
The two 𝑇𝑑𝑆 equations are

At constant 𝑆
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𝑻𝒅𝑺 = 𝑪𝒗 𝒅𝑻 + 𝑻
𝝏𝑷
𝝏𝑻 𝑽

𝒅𝑽 The f𝐢𝐫𝐬𝐭 𝑻𝒅𝒔 equation

𝑻𝒅𝑺 = 𝑪𝑷 𝒅𝑻 − 𝑻
𝝏𝑽
𝝏𝑻 𝑷

𝒅𝑷 The second 𝑻𝒅𝒔 equation

𝑪𝑷 𝒅𝑻𝑺 = 𝑻
𝝏𝑽
𝝏𝑻 𝑷

𝒅𝑷 𝑺

𝑪𝑽 𝒅𝑻𝑺 = −𝑻
𝝏𝑷
𝝏𝑻 𝑽

𝒅𝑽 𝑺

𝑪𝑷
𝑪𝑽

= −

𝝏𝑽
𝝏𝑻 𝑷
𝝏𝑷
𝝏𝑻 𝑽

𝝏𝑷
𝝏𝑽 𝑆
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𝑪𝑷
𝑪𝑽

= −

𝝏𝑽
𝝏𝑻 𝑷
𝝏𝑷
𝝏𝑻 𝑽

𝝏𝑷
𝝏𝑽 𝑆

𝝏𝑽
𝝏𝑻 𝑷
𝝏𝑷
𝝏𝑻 𝑽

= −
𝝏𝑽
𝝏𝑷 𝑇

𝜅 = −
1
𝑉

𝜕𝑉
𝜕𝑃 𝑇

Isothermal compressibility

𝜅𝑆 = −
1
𝑉

𝜕𝑉
𝜕𝑃 𝑆

Isentropic compressibility

And

But

Therefore

𝜸 =
𝑪𝑷
𝑪𝒗

=
𝜿
𝜿𝑺

From which 𝜅𝑆 can be calculated
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